Let B, S, and T be subsets of a (left) near-ring R with B and T nonempty. A minimal ideal of a ring (and hence the heart of a subdirectly irreducible ring) is either square zero or a simple ring [11, p. 135]. It is easy to find near-rings which have a minimal ideal which is neither square zero nor a simple near-ring. Zero symmetric examples are more difficult to locate, but Kaarli has exhibited one which is also finite and abelian [15] . The quest to characterize minimal ideals in near-rings has proved to be a difficult one, even in the zero symmetric and distributive^ generated cases. Significant results have been attained in this classification problem by Scott [19] and Kaarli [14, 16] . This paper continues the investigation of the problem begun in [3, 
Minimal ideals in near rings 157 4] and most recently carried out in [7] . Of equal importance herein is the introduction of localized distributivity conditions. We develop some basic properties of what we call' (S, r)-distributive' (which is such a condition), and use this condition to investigate the structure of minimal ideals. This proves especially useful in conjunction with a general permutation identity condition, where a structure theorem for near-rings with descending chain conditions on ideals is given (Proposition 3.2). We also develop conditions under which a minimal ideal of a near-ring is a ring. (A tour through the zoo of standard near-ring examples reveals this often happens). Several examples are discussed in detail to illustrate that the localized distributivity conditions discussed do occur in some natural examples (for example, in certain nearrings of mappings). These examples illustrate and also show some of the limits to the theory developed. Herein 'near-ring' will always mean 'left near-ring'. Except where noted, the notation and terminology is that in [17] . Let A and B be nonempty subsets of a near-ring R. Then (A) R is the ideal in R generated by A . We use (0 : A) R = {b e R: Ab = 0 } , the right annihilator of A in R. Define 
[A, B] = {ab -ba: a e A, b e B} . We will be particularly interested in the ideal ([A, B]) R , which will be denoted by (A, B) R .
We use 2{R) for the set of all distributive elements in R. In all of the above notation, if no ambiguity will arise we suppress the subscript R. As is standard we use A• B = {ab: a e A, b e B}. The additive subgroup of R will be denoted by R + or (R, +) as seems convenient. We use i? (m) for the w-th commutator subgroup of R + and let R w = R 1 .
A near-ring R is said to satisfy a permutation identity if there exists a non-identity permutation a on n letters such that for each a { ,... , a n e R, Il
w e s a y "^ s a t i s n e s a permutation identity which moves the last place". Such permutation identities play an important role herein. (For more on rings or near-rings which satisfy a permutation identity see [3, 5, 6] , where inter alia, a substantial bibliography on the subject can be found.)
Localized distributivity
In this section R will always denote a near-ring. DEFINITION for which B is (S, r)-distributive and if BT c B, then T is semigroup.
Observe that a distributive near-ring D is ( 0 , Z))-distributive and in a pseudo-distributive near-ring A", see [13] , K 2 is ( 0 , ^-distributive. Any near-ring R is ( 0 , ^(/?))-distributive. In the sequel we often make use of nonempty sets T for which T n is (T m , T k^d istributive, where k,m, and n will always be integers such that m > 0, k, n>\.
Here we define 
Hence B is (S k , 5"~A : )-distributive. EXAMPLE 1.3. Let R be a near-ring which satisfies a permutation identity a of length n, where a(n) = k < n. By a proof similar to that of Lemma 1.
Many examples of right permutable near-rings which are not distributive are given in [2] , including ones which are abelian. A method for constructing right permutable, distributively generated near-rings which are not distributive is given in [3, Example 4.9] . Note that if R is a nilpotent near-ring of index n, then R satisfies every permutation identity of length at least n ; hence R is (R k~l , i?"~* distributive for all 1 <k<n.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037083 [4] Minimal ideals in near rings 159
In contrast, a left permutable near-ring R (that is, abc = bac for all a,b,c e R) need not be {R m , -R")-distributive for any m, n. For example, near-ring number 36 on 5 3 in [10] is left permutable, distributively generated, and is not (R m , /?")-distributive for any allowable m, n . There are many near-rings among those given via Cayley tables or Clay representations which are (S, ^-distributive, and for which T is not made up entirely of distributive elements. But rather than display a plethora of these somewhat artificial examples, we feel the following very natural examples will suffice. EXAMPLE 1.4. Let H and K be nonzero subgroups of a nonabelian group (G,+), with K C H. Let E(G, H) be the subgroup of M 0 (G) generated by the set of all homomorphisms from G into H, Hom(G, H), and let R be the subgroup of M 0 (G) generated by all the elements of Hom(G, H) which fix K setwise. Observe that E(G, H) and R are distributively generated near-rings; and if K is a fully invariant subgroup of H, then R -E(G, H). Let 5 = {a € R: Go c K} and let T be all elements of S that are endomorphisms when restricted to K. Then R is (S, r)-distributive and S is a two-sided i?-subgroup of R. If K is abelian, then S = T and S is a ring.
If K is normal in H, then S is an ideal of R. Thus if K is a fully invariant, abelian subgroup of H, then R = E(G, H), R is (T, 7>distributive
, and T is a ring and an ideal of R. Recall that if H is solvable, then such a non-trivial, fully invariant, abelian subgroup of H will exist.
We next give a special case of this construction. Concrete examples of this phenomenon are near-rings number 24 and 27 on S 3 in [2] , where A = {0, a} and B = {0, x, y} . These near-rings are zero symmetric, and subdirectly irreducible with heart B.
A special case of Example 1.6 occurs where A and B are ideals of R, R = A@B, and A is (A, ^-distributive, which yields R is (A, .^-distributive.
The following lemmas are somewhat technical, but they lead to our main theorem of this section. This theorem is used repeatedly in the sequel to obtain various characterizations of minimal ideals.
be a (S, T)-distributive subset of R with a,b e B , s eS, and
x,yeT. PROOF. The following arguments will also work for S = 0 by deleting the factor s. 
This follows from the previous parts. (6) The proof is by induction on n . The key induction step is given by: 
The ideal {A(R)) R is called the distributor ideal of R. If no ambiguity will result we will write A for A(R) and (A) for (A)^ . (The notation for the distributor set and the distributor ideal are not standard in the literature. The concept was introduced by Frohlich [12] in the setting of distributively generated near-rings, and has been used in classifying near algebras by Brown [8, 9] 
). Note that R is distributive if and only if A(R) = 0. An ideal I of R contains A(R) if and only if R/I is distributive; so (A(R)) C (R, R). If R is distributively generated, then R/R' is a ring; so in this case (A(R)) c R'.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037083 ( (1) and (2) and the assumption. 
) If I contains no nonzero nilpotent two-sided R-subgroups, then I is a ring and I c 3f(R). Furthermore (t + w)b = tb + wb, at + bt = bt + at, and ta + tb = tb + ta. (4) If I is also an ideal of R and satisfies a permutation identity then (I, R) R is nilpotent.

Minimal ideals
In this section all near-rings are zero symmetric. We note some properties of minimal ideals in general and give sharper results where certain localized distributivity conditions hold. Necessary and sufficient conditions are given for a minimal ideal to be a ring. PROPOSITION 
Let I be a minimal ideal of a near-ring R with I
2 ^ 0.
Then (0 : /) is a prime ideal of R and either.
(1) (0 : /) = 0 and R is subdirectly irreducible with heart I; or (2) R = R/(0 : /) is subdirectly irreducible with heart 7, the isomorphic image of I under the natural homomorphism R -* R.
PROOF. First note that, by the assumption in this section, R is zero symmetric, and so (0 : /) is an ideal. Observe that if X is any ideal of R such that / n X = 0, then X c (0 : / ) . Consider ideals A, B of R such that ABC (0:1). If neither A nor B is a subset of (0 : / ) , then IDA and InB are each different from zero and hence / is contained in A and in B. So use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037083 [9] / 2 c^f i c ( O : / ) ; this is a contradiction since 7 2 c 7 and / n (0 : /) = 0. Thus (0 : /) is a prime ideal of R.
If (0 : /) = 0, then for each nonzero ideal X of R we have / n X ^ 0 and consequently I C X, yielding R is subdirectly irreducible with heart / .
Next take (0 : /) ^ 0. Suppose 7 contains a nonzero ideal of R. Then this ideal has the form T, where T is an ideal of R and (0 : /) C T. Since / n T = 0 implies T c (0 : /) and hence T is zero, we have / n T jt 0, and consequently 7 = T; so / is a minimal ideal of R. Then / maps onto the minimal ideal 7 under the natural homomorphism R -> R, and since / n (0 : /) = 0 we need / and 7 are isomorphic near-rings. If 7 = r + (0 : /) in R satisfies Ir = 0, then Ir c (0 : / ) . But Ir c / , so Ir = 0 and hence r -0. Thus R is subdirectly irreducible with heart 7 . (
1) / is a simple ring, I c 31 {R), and R/(0 : I) is a subdirectly irreducible prime ring; (2) / = (A(I)) R c (A(R)) R and I
+ is solvable of length n, for some n;
) R , for each n.
PROOF. If A(7) = 0, then I is a distributive near-ring and Theorem 2.2 yields / is a simple ring. This allows us to use Theorem 1.11 (1) and (2) to get I n (R 1 ) and / n (A(R)) are zero, and hence (R (1) R is distributively generated and R + is solvable, or (2) R is weakly distributive, then the heart of R is square zero. PROOF. Recall from Example 1.3 that (2) implies (1). By Theorem 2.2, / is a simple ring which satisfies a permutation identity. Such a ring is either a field or square zero [6] . Let e be the identity element for the field / . Then using the Peirce decomposition for this idempotent yields: R = (0 : e) R +eR. Note that (0 : e) R = (0 : /) and eR = I to obtain R = (0 : 7)e7 = 7e(0 : 7).
This proposition extends a result of Wiegandt [20] in the case where R is subdirectly irreducible. Furthermore, it answers, in the affirmative, the question raised in [3] as to whether a minimal ideal in a right permutable near-ring must be either nilpotent or a simple near-ring. PROPOSITION 
Let i i -* B -t 0 be an exact sequence of near-rings, where R -* B has kernel K. If B is distributively generated, then every minimal ideal of R which is not contained in K is either square zero or is a subdirectly irreducible near-ring.
PROOF. Let 7 be a minimal ideal of 7? with I <£ K and 7 2 ^ 0. Then 7 n K = 0 and hence K C (0 : 7). Observe that B maps homomorphically onto # = 7?/(0 : 7) under the natural homomorphism induced on 5 w R/K by the ideal (0 :1)/K. So ^ is distributively generated. Using Proposition 2.1 we have / « / and 7 is a minimal ideal of ~R. Kaarli [16] PROOF. AS an immediate consequence of Theorem 2.2, using / = R we get (1). From Theorem 1.11, if R has no nilpotent ideals, then A(R) -R' = 0 and hence I? is a ring. Invoking the descending chain condition on right (left) ideals and using the Artin-Wedderburn Theorem gives the rest of (2). In part (3), Theorem 2.2 yields R is distributive.
Observe that in (2) we have that R will have no nonzero nilpotent right or left ideals; however there are zero symmetric near-rings with no nonzero nilpotent ideals which do have nonzero nilpotent left ideals [10, Number 10 on K 4 ]. Note that if to the hypothesis of Proposition 3.2 we add the condition: (iii) S contains no nonzero nilpotent ideals; then the conclusion becomes: R is a finite direct sum of fields. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700037083
